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Abstract 

We formulate the Schiffer’s conjecture in spectral geometry in the context of scattering theory. 
The problem is equivalent to finding a non-trivial solution in an interior transmission problem. We 
compare the back-scattering data of the perturbation along all incident angles. The uniqueness of 
the inverse scattering problem along each incident direction proves the Schiffer’s conjecture. 
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1 Introduction 

In this paper, we study the following inverse spectral problem: 

{ Art + k 2 u = 0, in D 1 k 2 £ R + ; 

fp = 0, on dD- (1.1) 

u = 1, on dD , 

where v is the unit outer normal; D is a fixed starlike domain in R 3 containing the origin with Lipschitz 
boundary dD. We interpret the model as the plane waves perturbed by the boundary condition which 
is specified by D, and satisfies the Helmholtz equation outside D. Let u be a non-trivial eigenfunction 
with some k 2 £ R + . We want to show that D are actually balls centered at origin. 

Here we prove the result as a special case of interior transmission problem nn nni [in m m m 

In interior transmission problems, we look for a frequency so 
that a perturbed stationary wave behaves like or somewhere like a spherical Bessel function outside the 
perturbation. In Schiffer’s conjecture, we ask if there is a frequency so that a perturbed wave can stay 
in its initial shape traveling to infinity in constant speed. We refer to m [28] and the reference there for 
the connections of interior transmission problem to other questions in mathematical science. 

To give a point of view from scattering theory to HID, we take the incident wave field to be the time 
harmonic acoustic plane wave of the form 


u\x) ■=e ikx - d , 

k £ R + , x £ M 3 , and d £ § 2 is the incident direction. The inhomogeneity is defined by the index of 
refraction n £ C 2 (R 3 ) of dD, and the wave propagation is governed by the following equation. 

! A u(x) + k 2 n(x)u(x) = 0, x £ R 3 ; 

u(x) = u l (x) + u s (x), x £ R 3 \ D‘ : (1.2) 

lim ixi->oo MlAiir “ iku8 ( x ))= °, 
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in which the third equation is the Sommerfeld’s radiation condition. Particularly, we have the following 
asymptotic expansion on the scattered wave field mm- 

e ik\x\ 2 

u 8 (*) = -r-r u oo(£; d , k) + 0 (—-), |x| -> oo, (1.3) 

FI |a:| 5 

which holds uniformly for all x x G R , and Uao(x',d,k) is known as the scattering amplitude or 

far-held pattern in the literature mm- It has an expansion in spherical harmonics HI p. 35, Theorem 
2.15] 

1 oo n 

u a0 {x-d,k) = -Y j¥ri E «"*(*)> (1.4) 

n —0 m=—n 

where we follow the notation in the reference. 

Let us start with the Rellich’s representation in scattering theory. We expand the possible solution 
u of (11.111 in a series of spherical harmonics near infinity by Rellich’s lemma T?) p. 32, p. 227]: 


oo m=l 

u(x;k)=^2 E a i,m( r ) Y i m {x), 

l —0 m=—l 


(1.5) 


where r := |x|, r > i?o with a sufficiently large Rq; x = ( 9 , p) G S 2 . The summations converge uniformly 
and absolutely on suitable compact subsets away from D. The spherical harmonics 


Yr(o,v>) ■■= 

v '-±vi yt T | ii 

form a complete orthonormal system in £ 2 (8 2 ), in which 


2 a +1 L!1!l ^ M ( C0S ^ TO ^ m = i; 1 = 0,1,2,..., 

47t (/ + |m|)! 


Pn(t) ■= (1 - t 2 r 12 ^^-, m = 0,1,...,, 


( 1 . 6 ) 


(1.7) 


where the Legendre polynomials P„, n = 0,1,..., form a complete orthogonal system in Lr[— 1,1]. We 
refer this to H3 p. 25]. By the orthogonality of the spherical harmonics, the family of functions 


^)}z,m •— {&Z,m(^)-^Z (*^)}z,m 


( 1 . 8 ) 


satisfy the first equation in CEID independently for each ( l,m ) in r > Rq for sufficiently large Rq. 

Now we consider the boundary condition given by the second and third equations in m, and then 
extend the solutions u^ m (x-,k) into r < Rq as follows. Let Xq G § 2 be any given incident direction that 
intersects dD at (R,x o) G R + x § 2 . For the given £’o, we impose the differential operator 

1 d 2 9 1 d . d Id 2 

r 2 dr dr r 2 sin p dp ^ dp r 2 sin 2 p d6 2 
on ui tm (x;k) and, accordingly, we have the following ODE: 


d Q-l mip') 2 d(Xl m(^) /i 2 / \ n 

+ - T -^r- + - -?r-Mr) = o, 

which is solved by spherical Bessel functions and spherical Neumann functions. Let 


(1.9) 


yi,m{r) := rai y m(r), 


so we obtain 


y"m ( r ) + ( fc2 - 

2/i,m(0) = 0. 


( 1 . 10 ) 


( 1 . 11 ) 
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To give an initial condition, we apply the boundary conditions in (ED to ui trn (x',k) near the inter¬ 
section points R along x 0 . We replace the boundary condition |^=0tobeVzi = 0. Hence, 


/yi, m (r;k) , 
r 

r yi,m(r-,k) 


I r=R ~ ^ 
lr=R = 


( 1 . 12 ) 

(1.13) 


in which we assume there is no tangent point. The solutions y/, m (?'; k) are independent of m, so we write 
k) as yi{r ; k). Hence, now we have following boundary conditions. 


Vi(R',k) _ yi(R-k) 
R R 2 

yi(R;k) - R = 0. 


= 0 ; 


If k satisfies (11.1411 and (11.151) . then y[{R:. k) = 1. Thus, (11.121) and (11.131) equivalently satisfy 

Fi(k; R) := yi{R;k) - R = 0; 

Gi(k; R) := y[{R', fc) — 1 = 0. 


(1.14) 

(1.15) 


(1.16) 

(1.17) 


In the initial state, yi(R;k) is exactly the boundary defining function of D. Combining (11.111) . (11.161) . 
and (11.171) . we consider the following eigenvalue problem at R for each fixed x £ § 2 and all l > 0: 


y['{r ; k ) + (fc 2 - l -^ip-)yi(r; k) = 0, 0 < r < oo; 
yi(0;k) = 0; 

F t (k-,R) = 0; 

, Gi(k; R) = 0. 


(1.18) 


This is a two-way initial value problem starting at r = R inward and outward. The eigenvalue k passes 
through to the infinity by the uniqueness of the ODE and defines the far-held patterns near infinity. 
There is an one-to-one correspondence between the far-held patterns and the radiating solution of the 
Helmholtz equation. The yi(r\ k) depends on the incident angle x. Most important of all, we will examine 
the zero set of yi(0;k) = 0 which constitutes the eigenvalues of (11.181) . The solutions {yi(r; fc)}z>o is a 
family of entire functions of exponential type Elea do]. For each Z > 0, it behaves like sine functions in 
complex plane with zero set asymptotically approaching the zero set of sine functions for each incident 
direction. The Weyl’s law of the eigenvalues of (11.181) in many settings are found in l T0 s H2J [H] as a 
direct consequence of the Cartwright-Levinson theory in value distribution theory [31 [HI 111 H31 USD HZ] - in 
particular, we can hnd that the density of the zero set for each incident direction is related to the radius 
R as a spectral invariant. Rellich’s lemma indicates that all perturbations behave like spherical waves 
near the infinity, by which we prove a special case of Schiffer’s conjecture. 

Theorem 1.1. Let D be a starlike domain as assumed in 11.111 under radiation condition If there 

is an eigenvalue Aq £ R + , k^>l of (EUP; then D is an open ball centered at the origin. 


2 Singular Sturm-Liouville Theory 

Here we collect the asymptotic behaviors for yi{r\k) and y[(r;k). For l > 0, we apply the results from 
03 EO CD US. Let zi (£; k) be the solution of 


+ Kl+ t 1 ^ + p ( o * i(o = k 2 zi(o-, 

Zi( 1; k ) = — b; z[( 1; k) = a, a, b £ R, 
where p(£) is square integrable; the real number l > —1/2. In general, 


( 2 . 1 ) 


N(£; k) + 6cosfc(l -0 + o Smfc ^ ——I < ^pexp{|3fc|[l -£]}, |fc| > 1, (2.2) 
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where 


K(£) < ex p {j^ ^ ^ + \p{t)\dt}, 0<£<1. 


( 2 . 3 ) 


This explains the behaviors of solutions ) and z[(f}', k) for all l in unit interval. For its application 

in (11.161) and (11.171) . we take 


b = —1?; a = 1 


for each incident direction, and the problem EH) in interval [0, R]. 

Outside the domain D , we consider (11.181) as an initial problem starting at R to the infinity. If 
p(£) = 0, then we consider the following special case: 


<(0 + [fc 2 -^^h(0 = 0. (2.4) 

The solutions of (12.41) are essentially Bessel’s functions with a basis of two elements. The variation of 
parameters formula leads to the following asymptotic expansions: For £ > 0 and 5ft k > 0, there is a 
constant C so that 


\vi(€> k ) 

K(£,fc) 


sin{fc£ — If} 
k l +i 

cos{fc£ — If} 
k l 


I < C\k\ 

I < C\k\ 


-ft+it exp{|9fc|g} 

l**l 

-i exp{|^fc|C} 


1^1 


(2.5) 

( 2 . 6 ) 


We refer these estimates to [BJ Lemma 3.2, Lemma 3.3], and the we find that a solution of the initial value 
problem of (12.41) is a linear combination of (12.51) and (12.61) . 


3 Cartwright-Levinson Theory 

We take the following vocabularies from entire function theory 0 0 El HI OH 127] to describe the 
asymptotic behavior of the eigenvalues of (11.181) . 

Definition 3.1. Let f(z) be an integral function of order p, N(f , a, /3, r) be the number of the zeros of 
f(z) inside the angle [a,/3], and \z\ < r. We define the density function as 



a , a \ v N (f’ a ’P’ r ) 

A/(a,/3) := lim 

r—y 00 tP 

( 3 . 1 ) 

and 


A/(/3) := A/(a 0 ,/3), 

( 3 . 2 ) 

with some fixed oq 

^ E, in which E is at most a countable set [2B] [21]. 


Let us define 


A(0 := A Zl ^. k) (-e,e), b = -R, 

( 3 . 3 ) 


as the density of the zero set along x. 

Lemma 3.2. The entire functions yi(£,; k) and y[{£,', k) are of order one and of type R — f. 
Proof. From E3, we have 


yi(&k) = -Rcosk(R- £) - —£1 + 0(^p ex p{|Sfc|[A - ^]}), \k\ > 1. (3.4) 

To find the type of an entire function, we compute the following definition of Lindelof’s indicator function 

mm 

Definition 3.3. Let f{z) be an integral function of finite order p in the angle [0\ , O 2 ]. We call the 
following quantity as the indicator of the function f(z). 

In I f(re 16 ') I 

h f {6) := lim 6>i < 9 < 0 2 . (3.5) 
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(3.6) 


We find that if k = \k\e l6 , then 

h yi(t-,k)(0) = |(.R-£) sin6 'l, 0 € [0, 2?r], 0 < £ < R. 

When referring more details to mm mi Earn, we find more examples in [S] p. 70]. The maximal 
value of h yi ^-h) ( 6 ) gives the type of an entire function [26j p. 72], which is {R — £). A similar proof holds 
for y[{^k). □ 

More importantly, the indicator function (13.61) leads to the following Cartwright’s theory [25J p. 251]. 

Lemma 3.4. We have the following asymptotic behavior of the zero set of y/ (£; k). 


m = 


R-Z 


Proof. We observe in (USD that |yz(£;fc)| is bounded on the real axis. Hence, it is in Cartwright’s class. 
All of the properties in [S p. 251] hold. □ 

Letting £ = 0, we obtain the eigenvalue density of (11.181) in C. Moreover, they are all real. 

Lemma 3.5. The eigenvalues k of 11.181) are all real. 

Proof. For l = 0, the result is classic mum. In our case, yi{f\k) is real for k G Oi + R. Furthermore, the 
asymptotic behavior of USD proves the lemma, which is a special case of Bernstein’s theorem in entire 
function theory na Theorem 1], A step-by-step proof is provided in p~8l Lemma 2.6]. □ 


4 Proof of Theorem 11.11 


Proof. Let be an eigenvalue of DD, as assumed in Theorem ll.il Particularly, from ED we have 

oo m=l 

u(x-,k 0 )=^2 az im (r;fc 0 )Tz m (i); (4.1) 

1=0 m=—l 

ko) = az,m(r; fc 0 )T™(x), ie§ 2 , (4.2) 

in which the coefficient az jm (r; ko) does not depend on the incident direction x G § 2 for sufficiently large 
|x| := r: The functions in EJ solve the Helmholtz equation in r > l?o- As a result of the uniqueness of 
the ODE (11.181) . the solutions yi(r; ko) extend both outward to the infinity and inward to the origin for 
all l > 0. For the given eigenvalue &q, the equation (11.181) holds for all incident directions x £ § 2 and for 
all l > 0. 

The representation in ED is unique in R 3 : If there is another eigenvalue k' of (11.181) from incident 
angle i' ^ i £ § 2 with the solution 

u l,m{ x 'i k') := aj im (r;fe')Vj m (i), 

then the analytic continuation of Helmholtz equation mi p. 18] implies that 

< m (r; k') = ai <m (r ; k 0 ). (4.3) 

With the uniqueness of the ODE (11.111) . ko or k' satisfies (11.181) individually along its own incident 
direction inward to the origin. Therefore, Lemma 13.41 provides an eigenvalue density 


A(o) = —, x e § 2 . 


The ODE (11.181) holds for all £ > R and l > 0. In particular, we apply the estimates (12.51) and (12.61) : 

Mf. k) - 


I vi(Z,k) - 


cos {k(t; — R) — l^} t ^ r<{1 |_ z expll^fc^} 


k l 


< C\k\~ 


1^1 
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Therefore, the initial value problem m, with p = 0, b = R, and a = 1 , provides the asymptotic 
behavior for the solution: 


yi(^k) = R 


cos{fc(£ -R)- l f } 

k l 


exp{|3A^} 

1 k l {ko *■ 


That is, 

k l yifo k) = Rcos{k(Z — R) — l^}[ 1 + 0{i}], R < £ < oo, (4.4) 

outside the zeros of cos{fc(£ — R) — l^}. This is classic in Sturm-Liouville theory [5j[6j 30]. 

The given eigenvalue k 0 satisfies (11.181) . for all l > 0 and all x £ § 2 , and (14.41) . Therefore, 

k l 0 yi(£; k 0 ) = Rcos{k 0 (£ - R) - l^-}[ 1 + 0 ( 7 - 7 }], 0 < £ < 00 . (4.5) 

Z /Co? 

We choose 1 1 00 and so £ f 00 suc h that C = R + ^ > Ro f° r an Y large Rq- Thus, for large l, 

k l 0 yi&ko) =R + 0(|), ^ = R + l fc o| > I- (4.6) 

Using (11.101) . (11.51) and the uniqueness of the Helmholtz equation, as shown in (14.31) . the far-field patterns 
T7] (2.49)] are asymptotically the same periodic functions for each x € § 2 . In particular, the boundary 
defining function R is constant to x € § 2 , and Theorem 1 1.1 1 is thus proven. □ 
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